A relationship between the defect on a timelike bone and the defect induced on the image of that bone in one leaf of a simplicial spacetime is obtained by applying a form of the GaussCodacci equation to that spacetime. A simple example is studied in detail and is used to verify the principal result of this paper. A tentative "3+1" formulation is also presented.
Introduction.
In the previous paper [1] expressions where developed for the Riemann and extrinsic curvature tensors on a simple simplicial spacetime. In this paper these results will be used to develop a form of the Gauss-Codacci equation suitable for use in such spacetimes. Basically this will lead to a relation between the defect on one timelike bone and the defect on the spacelike leg at the base of that bone. This result will be presented in section § 2. In section § 3 a simple example for a 3-space with a positive definite metric will be considered. This example will serve not only to verify the principle result but also to suggest a suitable approximation to a term that would otherwise be rather difficult to compute. Two different approximation schemes are presented in the final section of this paper.
The Gauss-Codacci equation.
The simplicial complex to be studied here is exactly the same as that introduced in the previous paper [1] . However, in that paper little was assumed about the location of S relative to S . In this paper it will be assumed that S is obtained by dragging S along the trajectories of q µ (recall that q µ is tangent to the timelike bone while being normal to the spacelike image of that bone in S ). The simplicial complex will again be denoted by M . Its boundary, ∂M , will consist of three surfaces : S , S and a cylindrical surface in the far and flat region of M . This last surface will be chosen to be tangent to the trajectories of n µ and it will be denoted by I.
For any timelike bone σ the metric inside the region M may always be written as
where g µν is the metric on the 2-dimensional sheet C that is perpendicular to both p µ and q µ . Similarily, h µν is the metric on the 2-dimensional sheet C ′ that is perpendicular to both p µ and n ν . The n µ are tangent, in a neighbourhood of S , to the geodesic normals of S .
The vectors q µ and p µ are tangent to the timelike bone σ and are therefore auto-parallel,
The vector p µ is chosen to be parallel to the spacelike bone σ ′ (ie. the spacelike image, a leg, of the timelike bone in S ).
One form of the contracted Gauss-Codacci equation is [2]
In the first paper [1] it was noted that the exact analytic form of the quadratic terms involving the extrinsic curvature may be rather difficult to formulate. To avoid this problem these terms will be eliminated by using the relation
Since g µν is a 2-metric it follows that
Combining these relations and then substituting into (2.2) will lead to
and
where d(g), d(h) are the defects per unit area of C, C ′ respectively. Thus the final form of the basic relation may written as
This equation must, of course, be viewed as a distributional equation as both # g , # n are reduced to zero. Our basic aim in the rest of this paper is to re-express this equation in an integral form. Before beginning this task a number of definitions and assumptions will be introduced.
The distributions d(g), d(h) will be concentrated in some small neighbourhoods of σ. These regions will be denoted by Ω g and Ω h and are defined as
The region in which d(g) = 0 but d(h) = 0 will be denoted by Ω h −Ω g (this will be the empty set if Ω h is a subset of Ω g ). The subset of Ω h obtained from the intersection of Ω h with S will be denoted by Ω ′ h . The sets Ω ′ g and Ω ′ h − Ω ′ g are defined in an analogous fashion. Some basic assumptions will be required. They are i) that it is always possible to choose S so that K is smooth throughout M ,
iii) that there exists a constant, k, such that |K| < k throughout M for any # g and for any # n = 0 (ie. K is bounded throughout M ), iv) that n µ = q µ for each point on σ and v) that the limit lim #g→0 should be applied before the limit lim #n→0 is applied.
These assumptions are introduced so as to isolate one of the infinite possible families of smoothed metrics that could be used to approximate the original discrete metric. Whether the resulting theory is independent of this choice is uncertain and will not be pursued in this paper.
The heart of these assumptions is the assumption that in a sufficiently small neighbourhood of each point on the bones σ and σ ′ their respective 2-surfaces C and C ′ are indistinguishable from a piece of a 2-sphere. The differing radii of curvature leads to differing defects on the two bones σ and σ ′ . The assumption that n µ = q µ on the bones then follows from the fact that at the point of contact of the two spherical caps the normals must be parallel. As the extrinsic curvature of a locally spherical surface embedded in a flat space is constant it follows that K is constant in Ω h − Ω g where d(g) = 0. Notice that from (2.3) one can not expect that K is constant throughout Ω g unless K vanishes everywhere. The requirement that K is smooth is chosen so that one can simply convert the volume integral of (Kn µ ) ;µ into a well behaved surface integral. The reason for assuming that lim #g→0 should be applied before lim #n→0 is that if the reverse sequence is applied to the integral of the first term on the right hand side of (2.3) then the result depends quite crucially on the shape of the region
Some immediate consequences arise from this set of assumptions. From (v) it follows that Ω g will, when # g is sufficiently small, be a subset of
important result can now be obtained by integrating (2.3) throughout Ω g and then letting
The integral of (Kn µ ) ;µ throughout Ω g can be converted to a surface integral. This integral must vanish as # g vanishes since K is bounded (from (iii)). Thus one will obtain 2 lim
However 1 + (q µ n µ ) 2 is a smooth bounded function inside Ω g . Thus it may be written as a
Taylor series based upon the points of σ. As each term in this series is bounded for any # g it is easy to see that all but the first term in this series will vanish when substituted into this integral. As the first term is just the constant 2 (since n µ = q µ on σ) the above integral may be reduced to 2 lim #g→0 Ωg
where ∆A is the area of σ and α is the associated defect. Now consider the integral of d(h) over S . This integral is known to have the value A ′ α ′ where α ′ is the defect on σ ′ and A ′ is the measure (in this case just the length) of σ ′ . However this integral may also be expressed as the sum of two integrals, one over Ω ′ g and one over Ω ′ h − Ω ′ g . Thus
and the second integral must have the value A ′ α as # g → 0. Thus, for sufficiently small # g ,
) is the area of the region common to C ′ and Ω ′ h − Ω ′ g . Rearranging this expression for d(h) will lead to
for any points inside Ω h − Ω g .
The integral of the basic relation (2.3) throughout M is just
Consider for the moment the three separate integrals
The last integral may be converted to a surface integral over the boundary of M . This boundary consists of the three regions S , S and I (the timelike cylinder drawn in the far flat regions of M ). Now if I is chosen to be tangent to the n µ then the integral over I will vanish identically. However on S and S the outward pointing unit normal is −n µ and +n µ respectively, thus
In the previous paper it was shown that
where the sum extends over all of the triangles ρ, in S, that are attached to σ ′ . The area of the triangle is B and ∆β is the angular tilt of n µ as it is parallel transported over S and through ρ. In our situation the upper surface has been constructed so as to be parallel to the lower surface, thus the ∆β on each pair of corresponding ρ's must be equal. Consequently the expression for J 3 may be written as
where ∆B = B − B . Now consider the expression for J 2 . Its behaviour as # g vanishes is rather simple,
A slightly more delicate approach must, however, be employed in evaluating J 1 . The first step is to reduce the region of integration from M to just Ω g and Ω h − Ω g . In this later region d(h) is constant while the integral over Ω g has already been shown to yield ∆A α as
Thus one obtains
The 4-volume integral may be evaluated as follows. First write the volume element as √ g dudvdpdq where the coordinates are chosen so that p, q cover the bone σ while u, v cover the sheets C. The coordinates p, q are chosen so that the volume element on σ is just dpdq.
Then the volume element on C is √ g dudv. Now since the metric in M was chosen to be symmetric under translations along σ it is possible to factor the above integral into two separate 2-dimensional integrals -one over σ and one over the portion of C within Ω h − Ω g .
Thus
The dpdq integration will equal ∆A the area of σ. Now the dudv integral may be computed by projecting onto one of the C ′ sheets
where √ hdudv is the volume element on C ′ . The above expression for J 1 may now be written
Now if one defines
as the average of |q µ n µ | then this expression may also be written as lim #g,#n→0
Upon combining the above expressions for the J i , the limiting form of (2.6), as both # g , # n are reduced to zero, may be reduced to
Let φ be the hyperbolic angle from ρ to σ. Then it is not hard to show that
where n µ on ρ is defined as the unit normal of ρ that lies in the face generated by ρ (ie. in the timelike 3-tube built on ρ). Thus the final expression is
Notice that the limits on the sum have been changed from ρ(S ), representing the set of triangular interfaces in S , to the identical set ρ(σ ′ ) representing the set of triangles attached to σ ′ . This expression involves only those quantities associated with the intrinsic geometry of S and its embedding in M . Thus it should apply not only to the specific foliation used here but also to the more general instance in which S is any leaf near S .
3. An example in Euclidian space.
The previous equation can be verified, rather easily, by considering a simple example in which a sequence of 2-cones is embedded in a three dimensional space with a positive definite metric.
A slightly different equation to (2.8) applies in this instance -the difference arising from the change of signature. The appropriate equation here is
The metric in this space is chosen as
with −∞ < z < +∞, 0 < r < ∞ and 0 < θ < 2π. The bone is parallel to the z−axis and its defect will differ from 0 whenever f (r → ∞) = 1. The two regions Ω g and Ω h are chosen to be the cylinders r < r 0 and r < r 1 respectively. The quantities r 0 and r 1 will be functions of # g and # n and must be chosen so that r 0 < r 1 , 0 = lim #g→0 r 0 and 0 = lim #g,#n→0 r 1 .
Some simple requirements must also be placed upon the the function f (r). Continuity of f and f ′ are required if the components of the Riemann tensor are to be bounded at r = r 0 , r 1 .
Local flatness near r = 0 will lead to f (0) = 1, f ′ (0) = 0. In the region r > r 0 the metric must be flat which in turn requires f ′ = 0 for all r > r 0 . It is not hard to see that such a function can be found (ie. any bell-shaped function will suffice).
The defect in this space is easily calculated by looking at the ratio of the circumference to radius of a large circle (drawn in the region r > r 0 and centred on r = 0). The result is
where f ∞ is the constant value of f in the region r > r 0 .
The foliation is obtained by choosing some slicing of M . This will be done by setting
where z 0 is constant on each leaf S of M . Define φ as the angle between the bone and the normal to S. Thus cos φ = q µ n µ and tan φ = dz(r)/dr. The induced metric on each S is then (ds
with r 0 < r < ∞ and 0 < θ < 2π. In the region r 0 < r < r 1 this metric must have a constant curvature while in the region r 1 < r < ∞ the metric must be flat. It is also necessary to require that the curvature be finite in the neighbourhood of r = r 1 (and also near r = r 0 but this region need not be considered here). This last condition requires only that φ be continuous at r = r 1 . The function that satisfies all of these conditions is
where ǫ depends only upon # g and # n . In the region r < r 0 one need only require that φ be continuous at r = r 0 and that φ(0) = 0. This last condition ensures that the defects per unit area for S and M are equal in the neighbourhood of r = 0.
The defect on S may be calculated by once again drawing large circles but this time on S.
This leads to
For the calculation of ∆β sin φ it is convenient to visualize each 2-cone as large sequence of long thin triangles all of which are attached to the apex of the cone. Clearly the values for each of the sin φ on each of the radial edges on the cone are all equal. Thus ∆β sin φ = sin φ ∆β. A simple trick can be used here to calculate ∆β. Consider one circle drawn on one leaf S. From this circle extend backwards the trajectories of the geodesics of M tangent to the normals on this circle. The trajectories will, as # g , # n → 0, focus to one point on the z−axis. The surface generated by this procedure will be another 2-cone, S * , the dual cone to S. Then ∆β is just the total angular increment for one loop around the apex of S * . This is easily seen (again by taking the ratio of circumference to radius) to be 2π lim #g,#n→0 (sin φ/f ). Thus
Exactly the same result may be obtained by first calculating K = √ gn µ ,µ / √ g and then integrating over S − S . Now consider the calculation of < q µ n µ >. This is a rather straightforward calculation, where φ ∞ is the value of φ at any point in the region r > r 1 . Combining this result with the previous equations for the defects, (3.1,3.2,3.3), will lead to
4. An approximate "3+1" formalism.
In a recent paper [3] a continuous time formulation of the Regge calculus was presented.
The basic field equations where shown to be block in using these equations in a pseudo "3+1" formalism is that the defects that appear in the evolution equations are the defects associated with the full 4-dimensional simplicial spacetime. One would prefer, however, to have a form of the field equations that refers only to the leg lengths, their first derivatives and the freely specified lapse functions. The remainder of this paper is concerned with this development.
Using equation (2.8) the above evolution equation can be written as
where the subscript i is the index of the leg σ ′ . In the previous paper it was shown that the ∆β, being directly related to the extrinsic curvature, could be expressed in terms of the derivatives of the volumes of the tetrahedra in each leaf. A similar formula relating the sinh φ's to the derivatives of the areas of the triangles was developed in the first paper [3] .
However the ability to reduce < q µ n µ > to some formula involving the leg lengths and their derivatives seems unlikely. This term depends quite crucially on the shape of the region Ω ′ h and on the behaviour of the unit normal in that region. Without an explicit construction of the approximating sequence of metrics it would seem that a direct calculation of this term is not possible. The simplest approach would seem to be to use an approximate form for this term. This step is reasonable if one is using this form of the Regge calculus as a numerical method for the approximation of smooth spacetimes. There are numerous possible approximations that could be used. One such approximation, based upon the result of the previous example, is
where the summation includes only those spacelike triangles ρ attached to the spacelike bone σ ′ and N ρ is the total number of those triangles. This approximation may also be obtained in the following way. First consider all of the three dimensional interfaces attached to one timelike bone. The image of these interfaces in S are the triangles attached to the leg, the image of the time like bone, in S. The unit normal n µ to S on each interface is not well defined. Suppose that n µ is chosen to be parallel to the interface. Then on the timelike bone |q µ n µ | = 1 while in the far regions |q µ n µ | = cosh φ ∞ . The average on each interface is then
(1 + cosh φ ∞ )/2. The above approximation then follows by taking an average over each of the interfaces. Another approximation can be obtained by using the local average on each interface and then shifting this expression inside the summation in (2.8). Thus one defines this approximation by
Using either of these approximation will lead to a set of equations that depends only upon the leg lengths and their first time derivatives. In a way this forms a "3+1" formalism but only in the sense that the field equations have been reduced to a set of first order equations.
Now the natural question to ask is whether the above approximations are reasonable. A simple numerical experiment has been conducted (on the usual 5,16 and 600 tetrahedral cosmologies [4] ) and the results indicate that the above approximations are reasonable.
This work is currently being prepared for publication [5] .
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